Introduction
In the Scottish Book [7] , H. Steinhaus asked if there exists a family F of measurable functions defined on a measure space (X, Σ, μ) such that | f (x)| = 1 for all x ∈ X and f ∈ F , and for each sequence { f n } n in F the sequence of averages
is divergent for almost all x. D.G. Austin [8] showed that when restricted to zero-one valued functions, the answer is "no". A. Rényi [8] answered the question with no restrictions. Révész [8] showed that it was sufficient to assume the weaker condition [M( f 2 ) K < ∞, for all f ∈ F ], where M( f
. Then, Komlós [5] proved the following theorem. (See [5, 2, 6] for more information on the history and generalizations of Komlós' Theorem.) Theorem 1.1. Let μ be a probability measure. For any sequence { f n } n in L 1 (μ) with sup n f n < ∞, there exists a subsequence {g n } n of { f n } n and a function g ∈ L 1 (μ) such that for any further subsequence {h n } n of {g n } n ,
We will say that a sequence { f n } n in L 1 is Komlós if there exists a subsequence {g n } n of { f n } n and a function g ∈ L 1 such that for any further subsequence {h n } n of {g n } n , 1 n n i=1 h n −→ n g μ-a.e. Theorem 1.1 can now be rephrased to read: For μ a probability measure, every norm-bounded sequence in L 1 (μ) is Komlós. We will generalize this theorem to a broad class of Banach function spaces (for finite or σ -finite measures μ): those that satisfy the Fatou property and are finitely integrable (or even weakly finitely integrable).
This leads to the discussion of a converse. Lennard [6] provided an example of a sequence that is Komlós and not norm-
, for all n ∈ N; where μ is Lebesgue measure and Ω = [0, 1]. Komlós' Theorem, this example, and the fact that the closed unit ball of L 1 is convex, lead to a generalization of the notion of Kómlos from sequences to sets [6] . We will say that the set C is a Komlós set if every sequence { f n } n in C is Komlós and the corresponding limit g belongs to C . Lennard [6] showed that every convex Komlós subset of L 1 (μ) is norm bounded.
We will also extend this result to a large class of Banach function spaces (for finite or σ -finite measures μ): those satisfying the Fatou property. Banach function spaces satisfying the hypotheses of both theorems include
Lorentz, Orlicz and Orlicz-Lorentz spaces. This allows one to characterize convex, Komlós sets in FI Banach function spaces with the Fatou property as precisely the norm bounded, convex sets that are closed for the topology of convergence locally in measure.
Finally, we will briefly discuss a connection between our work and an extension of Komlós' Theorem to L p (1 p < 2) due to Chatterji [2] .
We note that the results in this paper, except for Corollary 3.3, form part of the first author's PhD thesis [3] .
Preliminaries
As usual, N denotes the set of all positive integers, while R is the set of all real numbers. •
Given a function norm ρ, the normed linear space X of all functions
A complete Köthe space is called a Banach function space. We will often write · X as · .
It will be useful to discuss Banach function spaces with nice properties. We will say that a Banach function space satisfies the Fatou property if for all sequences { f n } n in M and for all f ∈ M,
Moreover, a Banach function space will be called finitely integrable (FI) if for all E ∈ Σ with μ(E) < ∞, there exists a constant
Note that Bennett and Sharpley [1] Let (X, · ) be a Banach function space with underlying measure space (Ω, Σ, μ). Recall that we say a set S ⊆ X is
An extension of Komlós' Theorem to Banach function spaces
We will begin by generalizing Theorem 1.1. Note that Theorem 1.1 extends from a probability measure μ to a finite measure μ by re-scaling. 
Proof. Fix a sequence { f n } n as above. By hypothesis Ω = n∈N Ω n for some increasing sequence
We will proceed inductively. Fix j ∈ N. Assume we have a subsequence
Without loss of generality, we can impose the restriction that g ( j+1,n) = g ( j,n) for all n j + 1. It is easy to verify that g,
All that is left is to show that g ∈ X . To this end, for all n ∈ N, we define k n by
Clearly, each k n ∈ M and k n
M. Since k n ↑ n |g| μ-a.e. and X has the Fatou property, it follows that
To see the importance of the Fatou property in this theorem, consider the following example. Let Ω := N, Σ := the set of all subsets of N and μ := the counting measure on Σ . Now, for all sequences
It is easy to see that X = c 0 with the usual norm. Define the sequence { f n } n∈N in X by setting, for all n ∈ N: f n ( j) := 1 if j n, and f n ( j) := 0 if j > n. Then f n ( j) ↑ n 1 = χ N ( j), for all j ∈ N, and ρ(χ N ) = ∞. This is an example of a norm bounded sequence in a Banach function space without the Fatou property that fails the conclusion of Theorem 3.1.
The proof of the previous theorem motivates the following definition.
Definition 3.2. We will call a Banach function space X over a complete measure space (Ω, Σ, μ) weakly finitely integrable (WFI) if the following holds.
(1) The set Ω = n∈N Ω n for some increasing sequence
For each j ∈ N, define the measure ν j on Σ by dν j = w j dμ. We note that since (X, · ) is a Banach space, the Closed Graph Theorem gives us that condition (2) in the above definition is equivalent to:
We can now easily state a corollary of Theorem 3.1 that has essentially the same proof.
Corollary 3.3. Let X be a Banach function space over a complete measure space (Ω, Σ, μ), such that X is WFI and has the Fatou property. Let M ∈ [0, ∞).
For any sequence { f n } n∈N in X with each f n M, there exists a subsequence {g n } n of { f n } n and a function g ∈ X with g M, such that for any further subsequence {h n } n of {g n } n ,
A converse to Komlós' Theorem in Banach function spaces
In this section, we present a converse to Theorem 3.1, by extending the proof in [6] for the special case X = L 1 (μ).
Theorem 4.1. Let X be a Banach function space satisfying the Fatou property with finite underlying measure space (Ω, Σ, μ). Suppose C is a convex Komlós subset of X . Then C is · -bounded.
Proof. To obtain a contradiction, suppose that C is not norm bounded. Then, there exists a sequence {g n } ∞ n=1 in C such that
By hypothesis, C is a Komlós set. Thus, by passing to a subsequence if necessary, we find that there is a g ∈ C such that 
We define f 2 by
Note that f 2 ∈ C and
In general, fix n ∈ N with n 2. Suppose a strictly increasing sequence {u j } n−1 j=1
in N has been chosen. Choose u n ∈ N with u n > u n−1 such that
Consider this subsequence {g n j } ∞ j=1 of {g n } n . For every n ∈ N, we define
We see that for all n ∈ N,
n .
Consequently, f n −→ n ∞. Also, from Eq. (1), we have that f n −→ n θ μ-a.e.
We shall now construct a subsequence of { f n } n by inductively defining a strictly increasing sequence {n k } ∞ k=0 in N, a decreasing sequence {E n } ∞ n=0 in Σ , and a sequence {δ k } ∞ k=0 in (0, ∞) such that statements (1 ) to (4 ) below hold for all k ∈ N.
To begin, let E 0 := Ω, δ 0 := 2μ(Ω), and n 0 := 1. Let
Note that our choice of E 0 and E 1 makes restriction (2) trivial. By the Fatou property, there exists a δ 1 ∈ (0, μ(Ω)) such that for every set E ∈ Σ with μ(E) < δ 1 we have f n 1 
We proceed inductively from here. Also, note that property (3 ) holds for every k ∈ {1, . . . ,m − 1}, which implies f n χ Ω\E m−1 ∞ < 1, for all n n m−1 .
By properties (P2) and (P3), for all n n > n m−1 ,
Choose n m ∈ N with n m >n > n m−1 so that , such that for every measurable set E with μ(E) < δ m we have
The construction by induction is complete. Now, by eliminating terms in the sequence we can, without loss of generality, assume that
For notational simplicity, let us relabel f n k as f k . We will refer to the four properties (1 ) through (4 ) with n k replaced everywhere by k, as (1 * ) through (4 * ), respectively. We define
for every k ∈ N. Recall that θ ∈ C and that C is convex. So, we have ψ k ∈ C for every k ∈ N. Since C is a Komlós set, there exists a subsequence {ψ k l } ∞
l=1
of {ψ k } k and q ∈ C such that
Henceforth, all inequalities involving functions will be true μ-almost everywhere. Fix m ∈ N, m > 1. There exists a unique i ∈ N such that k i−1 < m k i . Define c m := χ E m \E m+1 . Fixing an arbitrary n i, we observe that
Recall that by property (3 * ), | f t | < 1, for every t m + 1 on E m \E m+1 . Thus, for all m ∈ N, there exists i ∈ N, such that for all integers n i, we have that on the set E m \E m+1 ,
Since this inequality holds for all large n, we can take the limit as n → ∞. On E m \E m+1 , we have This holds for arbitrary m ∈ N. Therefore, q = ∞; which contradicts the fact that q is in X . 2 This allows one to characterize convex, Komlós sets in such spaces as precisely the norm bounded, convex sets that are closed for the topology of convergence locally in measure.
Chatterji [2] proved the following:
